Microwave photons have become very important qubits in quantum communication as the first quantum satellite has been launched successfully. Therefore, it is a necessary and meaningful task for ensuring the high security and efficiency of microwave-based quantum communication in practice. Here, we present an original polarization entanglement purification protocol for nonlocal microwave photons based on the cross-Kerr effect in circuit quantum electrodynamics (QED). Our protocol can solve the problem that the purity of maximally entangled states used for constructing quantum channels will decrease due to decoherence from environment noise. This task is accomplished by means of the polarization parity-check quantum nondemolition (QND) detector, the bit-flipping operation, and the linear microwave elements. The QND detector is composed of several cross-Kerr effect systems which can be realized by coupling two superconducting transmission line resonators to a superconducting molecule with the N -type level structure. We give the applicable experimental parameters of QND measurement system in circuit QED and analyze the fidelities. Our protocol has good applications in long-distance quantum communication assisted by microwave photons in the future, such as satellite quantum communication.
influence of noise. To date, some interesting entanglement purification protocols (EPPs) have been proposed [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . For example, in 1996, Bennett et al. [20] proposed an original EPP for photon pairs in a Werner state [35] by using two controlled-NOT gates and single-photon measurements. In 2001, Pan et al. [22] presented an EPP for a general mixed entangled state for an ideal entanglement source with simple linear optical elements. In 2002, Simon and Pan [23] proposed an EPP for a nonideal spontaneous parametric down conversion (PDC) source assisted by using spatial entanglement. In 2003, Pan et al. [24] demonstrated this EPP by using linear optical elements. In 2008, Sheng et al. [25] proposed an efficient polarization EPP for a PDC source based on the crossKerr effect. In 2010, Sheng and Deng [26] introduced the original EPP for two-photon systems in a deterministic way. In 2014, Ren and Deng [30] proposed a two-step hyperentanglement purification protocol (hyper-EPP) for two-photon four-qubit systems in nonlocal polarizationspatial hyperentangled Bell states. In 2016, Wang, Liu, and Deng [31] presented a universal method for hyper-EPP in the polarization degree of freedom and multiplelongitudinal-momentum degrees of freedom with SWAP gates.
Circuit quantum electrodynamics (QED), which couples the superconducting qubit to superconducting transmission line resonators (TLRs), provides a way to study the fundamental interaction between light and matter [36, 37] . It holds a big advantage on good scalability for quantum information processing [38] [39] [40] [41] [42] [43] [44] [45] [46] . Many studies have focused on circuit QED [47] [48] [49] [50] [51] [52] [53] . As a very important and interesting phenomenon, the cross-Kerr effect has been researched in circuit QED in recent years [54] [55] [56] [57] [58] [59] . For example, in 2009, Rebić et al. [54] proposed the giant Kerr nonlinearities at microwave frequencies in circuit QED. In 2011, Hu et al. [56] presented a theoretical scheme to generate the cross-Kerr effect between two TLRs. In 2013, Hoi et al. [58] observed the giant cross-Kerr effect for propagating microwaves experimentally induced by an artificial atom. In 2015, Holland et al. [59] demonstrated the single-photon resolved cross-Kerr effect between two microwave resonators in experiment. A microwave photon is a very important qubit for quantum communication because of its low loss and strong anti-interference during transmission. Due to the decoherence from environment, the maximally entangled microwave photon state may become a partially entangled pure state or a mixed one in the process of transmission and storage. To keep the high efficiency and fidelity of quantum communication, the legitimate parties in quantum communication should make an entanglement concentration or purification on the partially entangled microwave photon state or the mixed one, respectively. An original entanglement concentration protocol has been proposed for microwave photons [19] . To date, there is no research on entanglement purification of the nonlocal entangled states of microwave-photon pairs. Therefore, the entanglement purification of microwavephoton states is an extremely important and necessary task for microwave-based quantum communication. The microwave photon qubit can be manipulated effectively [53, 60, 61] . For example, Narla et al. [53] realized the basic microwave beam splitter which plays a very important role for microwave homodyne detection and used it to generate the robust concurrent remote entanglement between two superconducting qubits. The polarization can be manipulated by adjusting the material parameters [60, 61] .
In this paper, we propose a physically feasible polarization EPP on the nonlocal entangled microwave photons in circuit QED. By using our EPP, the parties can effectively purify the mixed entangled states induced by the decoherence from environment noise in microwavebased quantum communication. This task is achieved with the polarization parity-check QND measurements on microwave-photon pairs, the bit-flipping operations, and the linear microwave elements. The parity-check quantum nondemolition (QND) detector is composed of two cross-Kerr systems for microwave photons and is a crucial part to implement the polarization entanglement purification. We give the applicable experimental parameters of a QND measurement system and analyze the fidelities. The protocol has some good applications in nonlocal microwave-based quantum communication, such as satellite quantum communication.
This article is organized as follows: We first review the cross-Kerr effect in circuit QED in Sec. II A and then describe the process for the QND measurement on two cascade TLRs in Sec. II B. We present an EPP for microwave-photon pairs in Sec. III A and perform the EPP for polarization-spatial entangled microwavephoton pairs in Sec. III B. In Sec. III C, we design the reasonable parameters for QND measurement systems and analyze the fidelities. A summary is given in Sec. IV. The schematic diagram for realizing the cross-Kerr effect between two TLRs is shown in Fig. 1 . The crossKerr effect can be realized by coupling two TLRs to a four level N -type superconducting molecule as shown in Fig. 1(a) . The level structure is depicted in the dashed line box. TLR A and TLR B are coupled to the levels 1 − 3 and 2 − 4, respectively. The transition between the levels 2 and 3 is driven by a classical pump laser with the strength Ω c . In the interaction picture, the Hamiltonian of the whole interaction system is given by [56] (withh = 1)
where the detunings are δ 1 = E 31 −ω 1 and δ 2 = E 42 −ω 2 . ω 1 and ω 2 are the frequencies of the TLRs A and B, respectively.σ ij = |i j| is the transition operator from the states |j to |i .â (â † ) andb (b † ) are the annihilation (creation) operators for the modes of TLRs A and B, respectively. g 1 and g 2 are the coupling strengths for corresponding interactions between TLRs and levels.
Under the conditions that
, one can adiabatically eliminate the atomic degrees of freedom and obtain the effective cross-Kerr interaction Hamiltonian [56] 
where χ = −g
) is the cross-Kerr coefficient. The molecule with an N -type level structure can be constructed in the superconducting circuit described in Fig. 1(b) . The two loops (bottom and top) are two transmon qubits [62] . The right loop is a superconducting quantum interference device (SQUID) [63] which is used to connect two transmon qubits. Each loop is composed of two identical Josephson junctions labeled with crosses. C j /2 (j = m, 1, 2) and E Ji (i = c, 1, 2) represent the capacitance and energy of the Josephson junctions, respectively. The gate voltages labeled with V g1 and V g2 bias the corresponding transmons via the gate capacitors C g1 and C g2 , respectively. Φ e1 , Φ e2 , Φ ec , and Φ et are external fluxes. ϕ cr , ϕ cl , ϕ 1u , ϕ 1d , ϕ 2u , and ϕ 2d are the gauge-invariant phases across the Josephson junctions. By using the two-level language in the region E J ≫ E c , one can obtain the N -type level form [56, 62] shown in Fig. 1(a) . The eigenstates and the corresponding eigenvalues are |i and E i (i = 1, 2, 3, 4), respectively.
Schematic diagram of QND measurement of the total photon number of the two TLRs labeled with A (i.e., A1 and A2). The two TLRs labeled with B (i.e., B1 and B2) with the same decay rate κ2 are the readout resonators and all the TLRs labeled with A with the decay rate κ1 are the storage resonators. The circle with N stands for a superconducting molecule with the N -type level structure. The direction of the arrow represents the spread direction of the probe light. The elements labeled with a circular arrow in a big circle are circulators. |α represents the probe light. |X X| represents the homodyne measurement on the coherent state of the probe light.
B. The Quantum nondemolition measurement on total photon number of transmission-line resonators based on cross-Kerr effect
The total photon number of TLRs can be measured with QND by means of the cross-Kerr effect. The detailed schematic diagram is shown in Fig. 2 . All the TLRs in the top and the bottom are the readout and storage resonators, respectively. The Homedyne detection has been used for microwave in circuit QED experiment [45] . The probe light in the coherent state |α is input from the left and measured via an X homodyne measurement on the right. Here, we use the input-output relationship to explain the whole process. When the probe light is resonant with readout resonators, the Heisenberg-Langevin equations for each cross-Kerr media in the probe light path are given bẏ
where k = 1, 2 andn k =â † kâ k represents the photon number operator of the k-th storage resonator. We assume that all TLRs labeled with A and B have the same decay rates κ 1 and κ 2 , respectively. Now, we consider the situation that the decay rate of the readout resonator κ 2 ≫ χ k n k . One can makeḃ k = 0 in Eq. (3). Combining with the standard cavity inputoutput relationshipb out =b in + √ κ 2b [65, 66] , wherê
, one can obtain the reflection coefficients which are expressed as
Our goal is to make a QND measurement on the total photon number in two storage resonators (the two TLRs A 1 and A 2 in the bottom of Fig. 2) . For this task, a probe light in the coherent state |α in is input from the left, and let us assume that there are n 1 photons in TLR A 1 . When the probe light leaves TLR B 1 , the state of Kerr-1 becomes
Here θ n1 = arg[r 1 (n 1 )] and |n 1 is a Fock state. One can make an X homodyne measurement to infer the photon number in TLR A 1 because the phase shift depends on the photon number n 1 . When the probe light passes through TLR B 2 , two Kerr media become a cascaded system. Therefore, we setb
because the input field of resonator B 2 is the output field of resonator B 1 . The input-output relationship of this cascaded system iŝ b
Let us assume that the photon number in TLR A 2 is n 2 . After the probe light leaves resonator B 2 , its state is given by 
where
To make an effective homodyne detection, we detect the position quadrature X of the coherent state. The wave function in the coherent state is given by [67, 68] 
where the functions are given by
Therefore, for states |αe iθ1 and |αe iθ2 , the midpoint and distance between the peaks of corresponding functions f (X, α cos θ 1 ) and f (X, α cos θ 2 ) are X m = α(cos θ 1 + cos θ 2 ) and X d = 2α(cos θ 1 − cos θ 2 ), respectively. According to the result of position, one can distinguish the different phases. The error probability is given by [68] 
where erfc(x) is the complementary error function. When we only consider the maximal total photon number of two, all the different Fock states and corresponding phase shifts are shown in Table I .
III. ENTANGLEMENT PURIFICATION OF BIT-FLIPPING ERRORS FOR MICROWAVE PHOTONS
A. Entanglement purification protocol for microwave-photon pairs
Let us assume that the nonlocal microwave-photon pairs in quantum communication are in the mixed statê ρ cd described bŷ 
H and V represent the horizontal and the vertical polarizations of microwave photons, respectively. The symbol f with the relationship f = Φ † |ρ cd |Φ † is the fidelity of the state
2 ). In this way, the state of the system composed of two microwave-photon pairs is just the mixture of four states. They are
and |Ψ † c1d1 |Φ † c2d2 with the same probability of (1 − f )f , and |Ψ † c1d1 |Ψ † c2d2 with a probability of (1 − f )
2 . The principle of our EPP for the polarization entanglement of nonlocal microwave-photon pairs from two identical ideal entanglement sources is shown in Fig. 3 . Here, we choose two same cross-Kerr systems, i.e., χ 1 = χ 2 , to accomplish the QND measurement process for parity check. We will discuss the physical implementation in Sec. III C. The microwave polarizing beam splitter (PBS) shown in Fig. 3 can pass the photons in the state |H and reflect the photons in the state |V . Therefore, in the QND part of this protocol, we can change |H and |V to |1 and |0 forĉ 1d1 , respectively. Forĉ 2d2 , |H and |V can be represented by |0 and |1 , respectively. The different polarization states and corresponding phase shifts are rewritten in Table II . The two QND measurement detectors are identical and the two parties in quantum communication Alice and Bob holdĉ andd, respectively. We don't consider the phase difference of microwave photon after it leaves the storage resonator in our scheme, because we just design the principle here. The possible phase difference can be compensated in practice.
When the microwave-photon pairs in the state |Φ † c1d1 |Φ † c2d2 pass through the parity-check QND detectors, the state of the composite system composed of the two microwave-photon pairs (ĉ 1d1 andĉ 2d2 ) and the two probe lights (ĉ andd) becomes
Schematic diagram for the entanglement purification on two microwave-photon pairs. S1 and S2 are the two identical ideal entanglement sources for microwave-photon pairs. Two dashed boxes are two same-polarization parity-check QND detectors. PBS represents a polarizing beam splitter for microwave photons. The circles with a circular arrow stands for circulators. The QND measurement is given in Fig. 2 . Two rectangular boxes labeled with +/− signs are two measurements with the two diagonal bases {|± =
When Alice and Bob obtain a phase shift with θ 1 on their coherent states after the homodyne detections, the state will collapse to (|H c1 |H d1 |H c2 |H d2 + |V c1 |V d1 |V c2 |V d2 ). For the last two terms, there are two situations. If θ 2 = θ 0 + 2π, the last two terms have the same phase shifts. At this point, both Alice and Bob obtain the phase shift θ 0 on their coherent states, the state becomes (|H c1 |H d1 |V c2 |V d2 + |V c1 |V d1 |H c2 |H d2 ). Subsequently, Alice and Bob can perform a bit-flipping operationσ x = |H V | + |V H| onĉ 1 andd 1 , respectively, and then they can obtain the state (|H c1 |H d1 |H c2 |H d2 + |V c1 |V d1 |V c2 |V d2 ). If the θ 2 = θ 0 + 2π, Alice and Bob will obtain the different results, they will make no operation. To get the state |Φ † cd , Alice and Bob make a measurement with the diagonal basis {|± = cd . Otherwise, they should make the operationσ z = |H H| − |V V | on the microwave photonĉ 1 to obtain the state |Φ † c1d1 . After the QND measurement process, the state of the system |Φ †
Another state
From these two results, with the situation θ 2 = θ 0 + 2π, one can see that if Alice and Bob obtain the phase shifts θ 0 and θ 1 with a homodyne measurement on their probe lightsĉ andd, the state of the two microwave-photon pairsĉ 1d1ĉ2d2 be-
As Alice and Bob cannot determine on which pair a bit-flipping error occurs, they discard both photon pairs in these two situations. With the situation θ 2 = θ 0 + 2π, Alice and Bob get the different results for all the terms. They should also discard all these situations. After the microwave-photon pairs pass through the QND detectors, the state of the system
The result is similar to that in the situation with no bit-flipping error expressed in Eq. (13) . Due to the indistinguishability with the situation with no bit-flipping 
errors, Alice and Bob should keep their photon pairs for the next round. That is, if Alice and Bob get the phase shift θ 1 , they obtain the state of the two photon pairs (|V c1 |H d1 |V c2 |H d2 + |H c1 |V d1 |H c2 |V d2 ). If they both get the phase shift θ 0 (condition θ 2 = θ 0 + 2π), they get the state (|V c1 |H d1 |H c2 |V d2 + |H c1 |V d1 |V c2 |H d2 ). Therefore, they make an oper-
Subsequently, Alice and Bob make a measurement with the diagonal basis {|± =
(|H ± |V )} onĉ 2 andd 2 . If they both obtain the results |+ or |− , the state of microwave-photon pairsĉ 1d1 becomes |Ψ † c1d1 . Otherwise, they should make the operationσ z = |H H| − |V V | on the microwave photonĉ 1 to obtain the state |Ψ † c1d1 . After the operations, Alice and Bob can obtain their nonlocal entangled state of microwave-photon pairs with more purity. In the ideal model, the fidelity of the remaining microwave-photon pairs is given by
B. Entanglement purification for polarization-spatial entangled microwave-photon pairs
The polarization-spatial entangled states are widely used in quantum communication as they can be produced by parametric down-conversion naturally in experiment. Therefore, considering the situation for polarizationspatial entangled microwave-photon pairs is very necessary. For a pair polarization-spatial entangled microwave photons, the state is given by ( 
. Therefore, for the four-photon state, it can be described by ( 
. The detailed schematic diagram of our EPP for those two situations is shown in Fig. 4 . Here the states |H and |V are translated to |1 and |0 inĉ 1d1 mode, respectively. Inĉ 2d2 mode, the corresponding relations are opposite. Here, we choose the two same cross-Kerr systems in each QND detector and the corresponding phase shifts are given in Table III . We assume all the four angles are different in this section.
First, we consider the case where there is a pair of polarization-spatial entangled microwave photons. This time, it is just an ideal microwave-photon pair. After it passes through the QND detectors, the state composed of the microwave-photon pair and the probe light is given by
When Alice and Bob get the same phase shift θ 1 via an X homodyne measurement on their probe lights, they obtain the state of their microwave-photon pair
After passing through the couplers, their photon pair will appear at the modesĉ 2d2 . When Alice and Bob get the same phase shift θ 0 , they obtain the state (ĉ † 1Vd † 1V +ĉ † 2Hd † 2H )|0 , and then their photon pair will appear at the output modesĉ 1d1 . When the bit-flipping error occurs, the state becomes
With the QND measurement, the state of the photon pair evolves to
Alice and Bob will get the different results θ 0 and θ 1 . When the bit-flipping error occurs, there will be two situations. The first situation is that only one of two microwave-photon pairs has an error, and the state of the two photon pairs becomes (ĉ shift |χ sc |/2π = 2.59 ± 0.06 MHz between two cavities in circuit QED.
According to the parameters chosen above, we calculate the angle of the coherent state in Table III . The angles of states |00 , |10 /|01 , |11 and |20 /|02 are θ 0 = 0, θ 1 ≈ 0.6, θ 2 ≈ 1.2 and θ 3 ≈ 1.1, respectively. Here, we choose the decay rate with κ −1 2 ≈ 10 ns in our calculation. If we require that the minimal error probability is less than 0.01, according to the Eq. (10), then X d should satisfy X d > 4.5. Therefore, when the α satisfies α > 24.7, all the angles can be distinguished. Here, the cross-Kerr effect is weak, the phase shifts in Table II can not satisfy the condition θ 2 = θ 0 + 2π. Therefore, in this physical system, Alice and Bob should make operations under the situation with different phase shifts. In practice, the number of microwave photons will decrease due to the dissipation of storage resonators. The dynamics of the quantum system with dissipation is described by the master equation in Lindblad form given by
whereρ(t) andĤ are the density matrix and the Hamiltonian of the system, respectively. The symbols κ 1 represents the decay rates of TLR A. The superoperatorL with the ruleL[ô]ρ = (2ôρô † −ô †ôρ −ρô †ô )/2 represents the influence of the dissipation. Here, we assume that the QND measurement is ideal and that the probe light has no influence on the states in storage resonators. The fidelity is influenced by the leakage of the resonator. The formula of fidelity is F = ψ id |ρ(t)|ψ id , where the ideal state |ψ id is the initial state here. We consider the two initial states with |10 and |11 . State |nm represents n and m photons in storage resonator A 1 and A 2 , respectively. We calculate the fidelities of the states in storage resonators at the end of the measuring time. In the rotating frame, the Hamiltonian of the resonator is zero. We choose the total measuring time of the cascade system with τ ∼ 8/κ 2 . The decay rate of the readout resonator keeps κ 2 becomes large, it will result in more total dissipation and the fidelity becomes lower.
IV. SUMMARY
In summary, we have proposed a physically feasible polarization EPP for the entangled state of nonlocal microwave photons in circuit QED. Our EPP includes two processes. The first process is used to purify the polarization entanglement state generated by the ideal entanglement sources and the second process is used for polarization-spatial entangled microwave-photon pairs. In our EPP, we design the polarization parity-check QND detectors to realize the postselection of microwavephoton quantum states. According to the phase shifts of the probe light hold by the two remote parties in quantum communication, say Alice and Bob, the parties can distinguish whether the error takes place and then correct it. We implement the QND measurement based on the cross-Kerr effect induced by coupling the two TLRs to a superconducting molecule. Our work can improve the practical application of microwave-based quantum communication. For example, quantum repeaters are the indispensable parts in long-distance quantum communication. Due to the unavoidable influence of the environment in the processes of transmission and storage, the nonlocal near maximally entangled state generated between every two neighboring nodes and used as the quantum channel in a quantum repeater may turn into a mixed entangled state. Therefore, our purification protocol can be used here. Also, in the actual situation of satellite quantum communication, when the microwave signals pass through the aerosphere from the quantum satellite to the ground, the pure maximally entangled microwave-photon state may become the mixed one due to the influence of environment in the process of satellite quantum communication. To keep the communication efficient, the parties can use our EPP to purify the mixed entangled microwave-photon state to improve its fidelity.
